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We construct infinite hierarchies of nonlocal higher symmetries for the oriented associativity equa-
tions using solutions of associated vector and scalar spectral problems. The symmetries in question
generalize those found by Chen, Kontsevich and Schwarz [40] for the WDVV equations. As a byprod-
uct, we obtain a Darboux-type transformation and a (conditional) Ba¨cklund transformation for the
oriented associativity equations.
Introduction
The Witten–Dijkgraaf–Verlinde–Verlinde (WDVV) equations [1, 2], and the related geometric structures,
in particular, the Frobenius manifolds [3]–[8], have attracted considerable attention because of their man-
ifold applications in physics and mathematics.
More recently, the oriented associativity equations, a generalization of the WDVV equations, and the
related geometric structures, F -manifolds, see e.g. [7]–[19], have also become a subject of intense research.
These equations have first appeared in [3, Proposition 2.3] as the equations for the displacement vector.
The oriented associativity equations describe inter alia isoassociative quantum deformations of commuta-
tive associative algebras [14, 15], cf. also [16]–[19].
The oriented associativity equations (8) admit the gradient reduction (43) to the “usual” associativity
equations (44). Equations (44) and the so-called Hessian reduction (see [20, 21, 22, 23, 24] and [14]) of
the oriented associativity equations naturally arise in topological 2D gravity [1, 25], singularity theory and
complex geometry (see e.g. [8, 9]), and in differential geometry and theory of integrable systems, see [8],
[26]–[36] and references therein.
There is a considerable body of work on the symmetry properties of the WDVV equations, see e.g.
[37, 38, 39, 40, 41] for the point symmetries of the WDVV and generalized (in the sense of [42] and ref-
erences therein) WDVV equations, [4, 43, 44, 45] and references therein for finite symmetries, Ba¨cklund
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transformations and dualities, and [26, 46, 47, 48] and references therein for the higher symmetries and
(bi-)Hamiltonian structures for the WDVV equations, and also for (44), in three and four independent
variables. Although the approach of [26, 46, 47, 48] in principle could [26] be generalized to the WDVV
equations in more than four independent variables, this was not done yet. Nevertheless, in [39, 40] infinite
sets of nonlocal higher symmetries for the WDVV equations were found. To the best of our knowledge,
higher (or generalized [49]) symmetries of the oriented associativity equations in arbitrary dimension were
never fully explored.
The goal of the present paper is to construct nonlocal higher symmetries for the oriented associativity
equations equations using, in analogy with [40], the solutions of auxiliary spectral problems. We show
that the very solutions of the vector spectral problem (9), either per se or multiplied by a suitably chosen
solution of the scalar spectral problem (10) with the opposite sign of the spectral parameter, indeed are
(infinitesimal) symmetries for the oriented associativity equations (8), see Theorem 1 below for details.
The fact that solutions of (9) are symmetries for (8) is quite unusual in itself, as symmetries typically turn
out to be quadratic [50] rather than linear in solutions of auxiliary linear problems.
Upon performing the gradient reduction to the “usual” associativity equations (44) we reproduce the
results of [40], see Corollaries 6 and 8 below. However, not all nonlocal symmetries from Theorem 1 survive
the gradient reduction and yield symmetries for (44), see Corollary 6 and the subsequent discussion.
Expanding solutions of the spectral problems into formal Taylor series in the spectral parameter yields
infinite hierarchies of nonlocal higher symmetries for (8) and (44), see Corollaries 4 and 8 below.
Finally, as a byproduct, we obtain a Darboux-type transformation and some Ba¨cklund-type trans-
formations relating the solutions of “usual” and oriented associativity equations, see Proposition 1 and
Corollaries 11 and 12 for further details. These transformations, as well as the nonlocal symmetries
discussed above, could possibly yield new solutions for the oriented and “usual” associativity equations.
1 Preliminaries
Let the Greek indices α, β, γ, . . . (except for λ, µ, η, ζ, σ, τ, χ, φ, ψ) run from 1 to n, where n is a fixed nat-
ural number, and summation over the repeated indices be understood unless otherwise explicitly stated.
In what follows we also assume that all functions under study are sufficiently smooth for all necessary
derivatives to exist.
Consider the oriented associativity equations, see e.g. [10]–[14], for the structure “constants” cδαβ(x
1, . . . ,
xn) of a commutative (cανρ = c
α
ρν) algebra:
cναρc
ρ
βγ = c
ν
ργc
ρ
αβ, (1)
∂cαβγ
∂xρ
=
∂cαργ
∂xβ
. (2)
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The condition (1) means that the algebra in question is associative, and (2) means that we consider
isoassociative [14] quantum deformations of the algebra in question.
The oriented associativity equations (1), (2) can be written as compatibility conditions of the Gauss–
Manin equations, see e.g. [4, 7, 14], for a scalar function χ(λ) (for the sake of brevity we shall often omit
below the dependence on x1, . . . , xn):
∂2χ(λ)
∂xα∂xγ
= λcναγ
∂χ(λ)
∂xν
. (3)
Here λ is the spectral parameter. These equations have a very interesting interpretation, with χ playing
the role of a wave function, in the context of quantum deformations of associative algebras [14].
We also have a zero-curvature representation for (1), (2) of the form (see e.g. [6, 42])
∂ψα(λ)
∂xβ
= λcαβγψ
γ(λ), (4)
where we again omit, for the sake of brevity, the dependence of ψα on x1, . . . , xn. In other words, Eqs.(1),
(2) are precisely the compatibility conditions for (4). The quantities ψα(λ) are nothing but the components
of a generic vector field which is covariantly constant (in other terminology, parallel or flat) with respect
to the covariant derivative associated with the one-parametric family of flat connections −λcανρ.
Upon introducing the quantities φα(λ) = ∂χ(λ)/∂x
α Eq.(3) can be written in the first-order form as
∂φα(λ)/∂x
β = λcδαβφδ(λ). (5)
Quite obviously, the spectral problem (5) is, up to the change of sign of λ, adjoint to (4).
Now let χα(λ), α = 1, . . . , n, be the solutions of (3) normalized by the condition
χα(λ)|λ=0 = x
α.
It is well known (see e.g. [4, 8, 14]) that χα are nothing but flat coordinates for the one-parameter family
λcανκ of flat connections (the flatness readily follows from (1) and (2)).
Following [3, 4], we can represent χα in the form
χα(λ) = xα + λKα +O(λ2), (6)
where Kα = Kα(x1, . . . , xn) is the so-called displacement vector. Plugging (6) into (3) and restricting our
attention to the terms linear in λ yields
cαβγ =
∂2Kα
∂xβ∂xγ
. (7)
The ansatz (7) automatically solves (2), and (1) boils down to the overdetermined system
∂2Kν
∂xα∂xρ
∂2Kρ
∂xβ∂xγ
=
∂2Kρ
∂xα∂xβ
∂2Kν
∂xρ∂xγ
(8)
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for Kα. In what follows we shall refer to this system as to the oriented associativity equations just as we
referred to (1), (2), as, in combination with (7), Eq.(8) is equivalent to (1), (2) provided cανρ = c
α
ρν .
Of course, the equations obtained by plugging (7) into (4), that is,
∂ψα(λ)
∂xβ
= λ
∂2Kα
∂xβ∂xγ
ψγ(λ), (9)
provide a zero-curvature representation for (8).
Likewise, plugging (7) into (3) yields a scalar spectral problem for (8):
∂2χ(λ)
∂xα∂xγ
= λ
∂2Kν
∂xα∂xγ
∂χ(λ)
∂xν
. (10)
2 Darboux-type transformation for oriented
associativity equations
It is well known, see e.g. [4, Appendix B], [37] and references therein, that there exist changes of variables
that leave the second derivatives of the prepotential unchanged and map solutions of the (generalized)
WDVV equations into new solutions. Quite interestingly, there is a change of variables of this kind
that involves [37] a solution of the spectral problem (4), and thus can be thought of as a Darboux-type
transformation.
It turns out that this transformation is readily generalized to the oriented associativity equations.
Namely, the following assertion holds.
Proposition 1 Let Kα satisfy (8) and ψα(λ) solve the spectral problem (9). Suppose that
det ∂ψα(λ)/∂xβ 6≡ 0,
introduce new independent variables
x˜α = ψα(λ), (11)
and define (locally) new dependent variables K˜β by the formulas
∂K˜β
∂x˜γ
=
∂Kβ
∂xγ
. (12)
Then
c˜αβγ =
∂2K˜α
∂x˜β∂x˜γ
, (13)
where K˜α = K˜α(x˜) are determined from (12), satisfy
c˜αβγ c˜
γ
ρν = c˜
α
νγ c˜
γ
ρβ. (14)
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Proof. First of all, we need to show that (12) is well-defined, i.e., that there exist, at least locally, the
functions K˜α(x˜) such that (12) holds. Quite clearly, this amounts to proving that we have
∂2K˜α
∂x˜β∂x˜γ
=
∂2K˜α
∂x˜γ∂x˜β
, (15)
or equivalently (by virtue of (12)),
∂2Kα
∂xβ∂x˜γ
=
∂2Kα
∂xγ∂x˜β
. (16)
From (12) we have
∂2Kα
∂xβ∂x˜γ
=
∂2Kα
∂xβ∂xε
∂xε
∂x˜γ
= cαβε
∂xε
∂ψγ
. (17)
Hence,
∂2Kα
∂xβ∂x˜γ
−
∂2Kα
∂xγ∂x˜β
=
(
cαβε
∂xε
∂ψγ
− cαγε
∂xε
∂ψβ
)
. (18)
We want to show that the expression on the left-hand side of (18) vanishes. But this is equivalent to
vanishing of the following quantity:
Bαρν =
(
cαβε
∂xε
∂ψγ
− cαγε
∂xε
∂ψβ
)
∂ψγ
∂xρ
∂ψβ
∂xν
.
Using the obvious identity
∂ψγ
∂xρ
∂xρ
∂ψν
= δγν ,
where δγν is the Kronecker delta, we find that
Bαρν =
(
cαβρ
∂ψβ
∂xν
− cαγν
∂ψγ
∂xρ
)
.
Now using (4) we obtain
Bαρν = λ
(
cαγρc
γ
νκ − c
α
γνc
γ
ρκ
)
ψκ
(1)
= 0,
and thus
∂2Kα
∂xβ∂x˜γ
−
∂2Kα
∂xγ∂x˜β
= 0,
so (15) indeed holds, i.e.,
c˜αβγ = c˜
α
γβ. (19)
Now we only need to prove that (14) holds, or equivalently
c˜αβγ c˜
γ
ρν − c˜
α
νγ c˜
γ
ρβ = 0. (20)
Using (19), (17) and (18) we obtain
c˜αβγ = c˜
α
γβ = c
α
γε
∂xε
∂ψβ
=
∂xε
∂ψβ
cαγε. (21)
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Using (21) for c˜αβγ in the first term of (20) and for c˜
α
νγ in the second term of (20), and the formula that
immediately follows from (17),
c˜εκρ = c
ε
κν
∂xν
∂ψρ
,
for c˜γρν in the first term of (20) and for c˜
γ
ρβ in the second term of (20), we see that the expression on the
left-hand side of (20) boils down to
c˜αβγ c˜
γ
ρν − c˜
α
νγ c˜
γ
ρβ =
∂xpi
∂ψβ
∂xκ
∂ψν
(
cαpiγc
γ
ρκ − c
α
κγc
γ
ρpi
) (1)
= 0, (22)
and thus (14) indeed holds. 
3 Nonlocal symmetries for oriented associativity equations
Recall (see e.g. [49, 51, 52, 53]) that an (infinitesimal higher) symmetry for the oriented associativity
equations (8) is an evolutionary vector field X = Gα∂/∂Kα such that Gα satisfy the linearized version of
(8), that is,
∂2Gν
∂xα∂xρ
∂2Kρ
∂xβ∂xγ
+
∂2Kν
∂xα∂xρ
∂2Gρ
∂xβ∂xγ
=
∂2Gρ
∂xα∂xβ
∂2Kν
∂xρ∂xγ
+
∂2Kρ
∂xα∂xβ
∂2Gν
∂xρ∂xγ
, (23)
modulo (8) and differential consequences thereof (or, informally, on solutions of (8)). This is equivalent to
compatibility of (8) with the flow associated with X , that is,
∂Kα/∂τ = Gα.
A straightforward but somewhat tedious computation proves the following generalization of the re-
sults of Chen, Kontsevich and Schwarz [40] (see Corollary 6 below for the latter) to the case of oriented
associativity equations.
Theorem 1 The evolutionary vector fields
ψα(λ)
∂
∂Kα
and ψα(λ)χ(−λ)
∂
∂Kα
,
where ψα(λ) satisfy (9) and χ(λ) satisfies (10), are nonlocal higher symmetries for the oriented associativity
equations (8), i.e., the flows
∂Kα
∂τλ
= ψα(λ), (24)
∂Kα
∂σλ
= ψα(λ)χ(−λ), (25)
are compatible with (8).
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Informally, compatibility here means that the flows (24) and (25) map the set S of (smooth) solutions
of (8) into itself, i.e., S is invariant under the flows (24) and (25); see e.g. [51, 52, 53, 54, 55, 56] and
references therein for the general theory of nonlocal symmetries. In a more analytic language, Theorem 1
states that Gα = ψα(λ) and G˜α = ψα(λ)χ(−λ) satisfy (23) provided (8), (9) and (10) hold.
An unusual feature of the symmetries ψα(λ)∂/∂Kα from Theorem 1 is that they are linear (rather than
quadratic, as it is the case for many other systems, cf. [50]) in the solutions of auxiliary linear problem.
It is natural to ask whether the flows (24) and (25) are integrable systems in any reasonable sense.
The following result provides linear spectral problems for these flows and thus suggests their integrability.
Corollary 1 The flows (24) and (25) can be (nonuniquely) extended to the flows for the quantities ψα(µ)
and χ(µ) as follows:
∂ψα(µ)
∂τλ
= λµcανκψ
ν(λ)ψκ(µ), (26)
∂χ(µ)
∂τλ
=
λµ
λ+ µ
ψν(λ)
∂χ(µ)
∂xν
, (27)
∂ψα(µ)
∂σλ
= λµcανκψ
ν(λ)ψκ(µ)χ(−λ) +
λµ
λ− µ
∂χ(−λ)
∂xβ
ψβ(µ)ψα(λ), (28)
∂χ(µ)
∂σλ
=
λµ
λ+ µ
ψν(λ)
∂χ(µ)
∂xν
χ(−λ). (29)
In particular, by Corollary 1 Eq.(26) together with the system
∂ψα(µ)
∂xβ
= µ
∂2Kα
∂xβ∂xγ
ψγ(µ), (30)
provide (assuming that (9) holds) a zero-curvature representation for the extended system (8), (24), and
thus ensure integrability thereof.
Likewise, the flow (25) is integrable because Eq.(30) along with the system
∂2χ(µ)
∂xα∂xβ
= µ
∂2Kδ
∂xα∂xβ
∂χ(µ)
∂xδ
(31)
and (28), (29) provide (assuming that (9) and (10) hold) a linear spectral problem for the extended system
(8), (25), i.e., (8) and (25) are precisely the compatibility conditions for (28)–(31), and integrability of the
extended system in question follows.
Using the extended flows from Corollary 1 we readily obtain the following result:
Corollary 2 All flows (24) and (25) commute for all values of parameters λ and µ:
∂2Kα
∂τλ∂τµ
=
∂2Kα
∂τµ∂τλ
,
∂2Kα
∂τλ∂σµ
=
∂2Kα
∂σµ∂τλ
,
∂2Kα
∂σλ∂σµ
=
∂2Kα
∂σµ∂σλ
.
It is important to stress that this result per se does not imply commutativity of the extended flows
from Corollary 1. However, a straightforward computation proves the following assertion.
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Corollary 3 The extended flows (24), (26), (27) commute, i.e., for all values of λ, µ and ζ we have
∂2Kα
∂τλ∂τµ
=
∂2Kα
∂τµ∂τλ
,
∂2ψα(ζ)
∂τλ∂τµ
=
∂2ψα(ζ)
∂τµ∂τλ
,
∂2χ(ζ)
∂τλ∂τµ
=
∂2χ(ζ)
∂τµ∂τλ
. (32)
We intend to study the remaining commutation relations for the extended flows in more detail elsewhere.
4 Expansion in the spectral parameter and nonlocal potentials
Now consider a formal Taylor expansion for ψα in λ,
ψα(λ) =
∞∑
k=0
ψαk λ
k. (33)
It is immediate from Theorem 1 that ψαk ∂/∂K
α are symmetries for (8), i.e., the flows
∂Kα
∂τk
= ψαk , k = 0, 1, 2, . . . , (34)
are compatible with (8).
We readily find from (9) the following recursion relation:
∂ψαk
∂xβ
=
∂2Kα
∂xβ∂xγ
ψγk−1, k = 1, 2, . . . . (35)
For k = 0 we have ∂ψα0 /∂x
β = 0 for all β = 1, . . . , n.
Now let (w0)
α
β = δ
α
β , where δ
α
β is the Kronecker delta, and (w1)
α
β = ∂K
α/∂xβ . Define recursively the
following sequence of nonlocal quantities:
∂(wk)
β
γ
∂xα
=
∂2Kβ
∂xα∂xρ
(wk−1)
ρ
γ, k = 2, 3, . . . (36)
We have
ψαk =
k∑
j=0
hγj (wk−j)
α
γ , k = 0, 1, 2, . . . , (37)
where hγj are arbitrary constants.
In analogy with (33), consider a formal Taylor expansion for χ in λ,
χ(λ) =
∞∑
k=0
χkλ
k. (38)
We obtain from (10) the following recursion relation:
∂2χk
∂xα∂xγ
=
∂2Kν
∂xα∂xγ
∂χk−1
∂xν
, k = 1, 2, . . . . (39)
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Set vα0 = x
α, vα1 = K
α, and, in analogy with (6) and (36), define the following sequence of nonlocal
quantities vβk , β = 1, . . . , n:
∂2vβk
∂xα∂xγ
=
∂2Kν
∂xα∂xγ
∂vβk−1
∂xν
, k = 2, 3, . . . (40)
In terms of geometric theory of PDEs, see e.g. [51, 52, 55, 56], the quantities (wk)
α
β and v
γ
k , α, β, γ = 1, . . . , n,
k = 2, 3, . . . , define an infinite-dimensional Abelian covering over (8).
We have the following counterpart of (37):
χk = bk +
k∑
j=0
dk−j,γv
γ
j , k = 0, 1, 2, . . . , (41)
where bk and dj,γ are arbitrary constants.
Using (33) and (38) we readily find that
ψα(λ)χ(−λ) =
∞∑
k=0
ραkλ
k, ραk
def
=
k∑
j=0
(−1)jχjψ
α
k−j .
It is now immediate from Theorem 1 that (wk)
α
β∂/∂K
α and ραk∂/∂K
α are symmetries for (8), and for
k ≥ 2 these symmetries are nonlocal.
What is more, using Corollary 1 we readily obtain the following result.
Corollary 4 The oriented associativity equations (8) have infinitely many symmetries of the form
Xk,β = (wk)
α
β
∂
∂Kα
and Y βk,γ =
k∑
j=0
(−1)jvβj · (wk−j)
α
γ
∂
∂Kα
,
and all associated flows, i.e.,
∂Kα
∂τβk
= (wk)
α
β ,
∂Kα
∂σγk,β
=
k∑
j=0
(−1)jvβj · (wk−j)
α
γ ,
commute:
∂2Kα
∂τβk ∂τ
ν
l
=
∂2Kα
∂τ νl ∂τ
β
k
,
∂2Kα
∂σβk,γ∂τ
ρ
l,ν
=
∂2Kα
∂τρl,ν∂σ
β
k,γ
,
∂2Kα
∂σβk,γ∂σ
ρ
l,ν
=
∂2Kα
∂σρl,ν∂σ
β
k,γ
,
k, l = 0, 1, 2, . . . , α, β, γ, δ, ν, ρ = 1, . . . , n.
It is readily seen that the symmetries Xk,β and Y
β
k,γ and the associated flows are nonlocal for k ≥ 2. We
stress once more that the part of Corollary 4 about commutativity of the flows associated withXk,β and Y
β
k,γ
makes substantial use of the extended flows from Corollary 1 which are not uniquely defined. Moreover,
Corollary 4 does not imply commutativity of the extended flows associated with the symmetries Xk,β and
Y βk,γ. However, the flows associated with the symmetries Xk,β do commute after a (suitable) extension to
the variables (wk)
α
β . Namely, using Corollaries 1 and 3 we readily arrive at the following assertion.
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Corollary 5 The flows
∂Kα
∂τβk
= (wk)
α
β ,
∂(wl)
α
pi
∂τβk
= cανρ(wk−1)
ν
β(wl−1)
ρ
pi, l = 0, 1, 2, . . . ,
(42)
where (w0)
α
β = δ
α
β , (w1)
α
β = ∂K
α/∂xβ, and we set (w−1)
ν
β ≡ 0 for convenience, commute for all β, γ =
1, . . . , n and all k, l = 0, 1, 2, . . . .
Equivalently, the evolutionary vector fields
X¯s,β ≡ Xs,β = (ws)
α
β
∂
∂Kα
, s = 0, X¯k,β = (wk)
α
β
∂
∂Kα
+
∞∑
l=2
cακρ(wk−1)
κ
β(wl−1)
ρ
pi
∂
∂(wl)αpi
, k = 1, 2, 3, . . . ,
commute, i.e., [X¯k,β, X¯l,γ] = 0 (see e.g. [51] for the definition of the bracket [, ]), for all β, γ = 1, . . . , n
and all k, l = 0, 1, 2, . . . .
Thus, the oriented associativity equations (8) possess an infinite hierarchy of commuting flows whose
existence reconfirms integrability of (8).
5 Nonlocal symmetries for the gradient reduction
of oriented associativity equations
Following [14], consider the so-called gradient reduction of (8). Namely, assume that there exist a nonde-
generate symmetric constant matrix ηαβ and a function F = F (x1, . . . , xn), known as a prepotential in 2D
topological field theories [1, 2, 3], such that
Kα = ηαβ∂F/∂xβ . (43)
Then (8) boils down to the famous associativity equations for F [1, 2, 3, 4]:
∂3F
∂xα∂xβ∂xδ
ηδγ
∂3F
∂xγ∂xν∂xρ
=
∂3F
∂xα∂xν∂xδ
ηδγ
∂3F
∂xγ∂xβ∂xρ
. (44)
Note that in the standard theory of the WDVV equations (see e.g. [1, 2, 3, 4]) it is further required
that
∂3F
∂xα∂xβ∂x1
= ηαβ, (45)
where ηαβ is a nondegenerate constant matrix such that ηαβη
βγ = δγα.
However, in what follows we shall not impose (45) and the so-called quasihomogeneity condition (see
e.g. [1, 2, 3, 4, 7] for the discussion of these conditions).
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Upon assuming (43) we find that the auxiliary linear problem (9) also admits a reduction
ψα = ηαβ∂χ/∂xβ . (46)
This, along with (43), turns (9) into the following overdetermined system of the Gauss–Manin equations
for χ:
∂2χ(λ)
∂xα∂xγ
= ληρν
∂3F
∂xα∂xγ∂xρ
∂χ(λ)
∂xν
. (47)
This is nothing but (10) after the substitution (43), and again the associativity equations (44) are nothing
but the compatibility conditions for (47); see e.g. [3, 4, 30] for the discussion of geometric aspects of (47).
Using Theorem 1 in conjunction with (43) and (46) we recover the following result from [40].
Corollary 6 For any solution χ(λ) of (47) the quantities
χ(λ)
∂
∂F
and χ(λ)χ(−λ)
∂
∂F
are nonlocal higher symmetries for the associativity equations (44), i.e., the equations
∂F
∂τλ
= χ(λ), (48)
∂F
∂ζλ
= χ(λ)χ(−λ) (49)
are compatible with (44).
The above flows can be (nonuniquely) extended as follows
∂χ(µ)
∂τλ
=
λµ
λ + µ
ηνβ
∂χ(λ)
∂xβ
∂χ(µ)
∂xν
, (50)
∂χ(µ)
∂ζλ
=
λµ
λ+ µ
ηνβ
∂χ(λ)
∂xβ
∂χ(µ)
∂xν
χ(−λ) +
λµ
λ− µ
ηνβ
∂χ(−λ)
∂xβ
∂χ(µ)
∂xν
χ(λ). (51)
In particular, this result means that χ(λ) and χ(λ)χ(−λ) satisfy the linearized version of (44) provided
(44) and (47) hold. Using the extended flows from Corollary 6 we readily obtain
Corollary 7 All flows (48) and (49) commute: for all values of parameters λ and µ we have
∂2F
∂τλ∂τµ
=
∂2F
∂τµ∂τλ
,
∂2F
∂τλ∂ζµ
=
∂2F
∂ζµ∂τλ
,
∂2F
∂ζλ∂ζµ
=
∂2F
∂ζµ∂ζλ
.
Perhaps a bit surprisingly, the proper counterpart of the flow (49) for the oriented associativity equa-
tions (8) is not (25) itself but a linear combination of the flows (25) with the opposite values of λ:
∂Kα
∂ζλ
= ψα(λ)χ(−λ) + ψα(−λ)χ(λ).
Consider now a formal Taylor expansion in λ for a solution χ(λ) of (47),
χ(λ) =
∞∑
k=0
χkλ
k.
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Notice that using a slightly different expansion of χ(λ), involving also λ−1, enables one to construct
solutions of the WDVV equations directly from χ(λ), see [58] and references therein.
Eqs.(41) remain valid when χ(λ) satisfies (47) instead of (10) if we substitute ηαβ∂F/∂xβ for Kα into
the definitions of vαk and (41). Then expanding the symmetries from Corollary 6 in powers of λ yields
Corollary 8 The associativity equations (44) have infinitely many symmetries of the form
X˜βk = v
β
k
∂
∂F
, and Z˜αβk =
k∑
j=0
(−1)jvαj v
β
k−j
∂
∂F
, k = 0, 1, 2, . . . , α, β = 1, . . . , n,
and all associated flows, i.e.,
∂F
∂τβ,k
= vβk ,
∂F
∂ζαβ,k
=
k∑
j=0
(−1)jvαj v
β
k−j, (52)
commute:
∂2F
∂τβ,k∂τν,l
=
∂2F
∂τν,l∂τβ,k
,
∂2F
∂τγ,k∂ζαβ,l
=
∂2F
∂ζαβ,l∂τγ,k
,
∂2F
∂ζρν,k∂ζαβ,l
=
∂2F
∂ζαβ,l∂ζρν,k
,
k, l = 0, 1, 2, . . . , α, β, γ, δ, ν, ρ = 1, . . . , n.
Again, it is clear that the symmetries X˜βk and Z˜
αβ
k and the associated flows are nonlocal for k ≥ 2.
Note that the above results do not imply commutativity for all of the extended flows from Corollary 6
and therefore do not contradict the results from [39, 40]. On the other hand, using Corollary 3 we readily
find that, in perfect agreement with [40], the extended flows (48), (50) do commute, i.e.,
∂2F
∂τλ∂τλ′
=
∂2F
∂τλ′∂τλ
,
∂2χ(µ)
∂τλ∂τλ′
=
∂2χ(µ)
∂τλ′∂τλ
, (53)
for all values of λ, λ′ and µ.
The quantities χk coincide, up to a choice of normalization, with the densities of Hamiltonians of
integrable bihamiltonian hydrodynamic-type systems associated to any solution of the WDVV equations,
see Lecture 6 of [4] and e.g. [57], and references therein. It was mentioned in [4] that it is natural to consider
these hydrodynamic-type systems as higher (Lie–Ba¨cklund) symmetries for the WDVV equations, because
using these systems one can construct [4] the Ba¨cklund transformation for the WDVV equations. We have
now seen that χk and v
α
k can also be interpreted as symmetries of the associativity equations (44) (and, upon
imposing necessary restrictions on F and χ, of the WDVV equations) in a far more straightforward manner.
6 Intermediate integrals and Ba¨cklund-type transformations
The compatibility conditions
∂2(w2)
β
γ
∂xα∂xν
=
∂2(w2)
β
γ
∂xν∂xα
for (36) with k = 2 yield precisely Eqs.(8), and we have
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Corollary 9 If the functions Kα and Gβγ satisfy the system
∂2Kβ
∂xα∂xρ
∂Kρ
∂xγ
=
∂Gβγ
∂xα
, (54)
then Kα automatically satisfy the oriented associativity equations (8).
In particular, if under the above assumptions Kα = ηαβ∂F/∂xβ , where ηαβ is a symmetric nondegen-
erate constant matrix, then F automatically satisfies the associativity equations (44).
Just like (54), the compatibility conditions
∂3vν2
∂xα∂xβ∂xγ
=
∂3vν2
∂xγ∂xβ∂xα
for (40) with k = 2 also yield nothing but Eqs.(8), and we obtain
Corollary 10 If the functions Kα and Gβ satisfy
∂2Kν
∂xα∂xγ
∂Kβ
∂xν
=
∂2Gβ
∂xα∂xγ
, (55)
then Kα automatically satisfy the oriented associativity equations (8).
In particular, if under the above assumptions Kα = ηαβ∂F/∂xβ , where ηαβ is a symmetric nondegen-
erate constant matrix, then F automatically satisfies the associativity equations (44).
Thus, (54) and (55) yield a kind of intermediate integrals for (8) (or, if Kα = ηαβ∂F/∂xβ , for
(44)). In the terminology of [51, 52, 55, 56], (54) and (55) also define coverings over (8) (respectively,
if Kα = ηαβ∂F/∂xβ , over (44)): for any solution Kα of (8) (resp. for any solution F of (44)) there exist,
at least locally, the functions Gαβ and G
α such that (54) and (55) hold.
Moreover, we have the following observation.
Corollary 11 If the functions Kα and Hα satisfy the system
∂2Kβ
∂xα∂xρ
∂Kρ
∂xγ
=
∂2Hβ
∂xα∂xγ
, (56)
then Kα and K˜α = Hα automatically satisfy the oriented associativity equations (8).
Hence, (56) provides a conditional Ba¨cklund transformation for (8): if Kα satisfy (8) and the conditions
∂2Kβ
∂xα∂xρ
∂Kρ
∂xγ
=
∂2Kβ
∂xγ∂xρ
∂Kρ
∂xα
(57)
which are necessary for (56) to hold, then there exist, at least locally, K˜α = Hα such that (56) holds and,
moreover, these K˜α also satisfy (8).
Setting Kα = ηαβ∂F/∂xβ , where ηαβ is a symmetric nondegenerate constant matrix, in Corollary 11
yields
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Corollary 12 Let the functions F and Hα satisfy the system
ηβνηρκ
∂3F
∂xα∂xρ∂xν
∂2F
∂xγ∂xκ
=
∂2Hβ
∂xα∂xγ
. (58)
Then F automatically satisfies the associativity equations (44) and K˜α = Hα automatically satisfy the
oriented associativity equations (8).
In complete analogy with the above, (58) provides a Ba¨cklund transformation relating the associativity
equations (44) supplemented with the conditions
ηρκ
∂3F
∂xα∂xρ∂xν
∂2F
∂xγ∂xκ
= ηρκ
∂3F
∂xγ∂xρ∂xν
∂2F
∂xα∂xκ
(59)
which are necessary for (58) to hold, and the oriented associativity equations (8) for K˜α = Hα.
Note that the system (59) was originally found and studied in [20, 22, 23] (in [20] it was referred to
as a condition for compatible potential deformation of a pair of the Frobenius algebras) because this sys-
tem plays an important role in classification of compatible Hamiltonian structures of hydrodynamic type.
Moreover, in [59] (cf. also [29]) it was proved that (59) is also equivalent to the condition of involutivity
for a certain set of functionals constructed from the function F with respect to the constant homogeneous
first-order Poisson bracket of hydrodynamic type associated with the flat contravariant metric ηαβ.
7 Conclusions and open problems
In the present paper we have found infinite hierarchies of nonlocal higher symmetries for the oriented
and “usual” associativity equations (8) and (44). These symmetries can be employed for producing new
solutions from the known ones and for constructing invariant solutions using the standard techniques as
presented e.g. in [49, 51, 52].
Moreover, it is natural to ask whether there exist nonlocal symmetries and conservation laws for (8)
(resp. for (44)) that depend on the nonlocal variables (36), (40) (resp. (40) with Kα = ηαβ∂F/∂xβ) in a
more complicated fashion that the symmetries found in Corollary 4 (resp. Corollary 8). For instance, one
could look for potential (in the sense of [53, 60] and references therein) symmetries and conservation laws
of (8) involving the nonlocal variables (36) and (40).
The next steps to take include elucidating the relationship among the nonlocal symmetries of (44) from
Corollary 6 and the symmetries found in [37] for the generalized (in the sense of [42]) WDVV equations.
The relationship (if any exists) of the flows (52) to the flows (5.15) from [61] could be of interest too.
Understanding the precise relationship of the symmetries from Corollary 8 to the tau-function and the
Ba¨cklund transformations for the WDVV equations from [4] is yet another challenge. It would be also
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interesting to find recursion operators or master symmetries for (8) and (44) that generate the hierarchies
from Corollaries 4 and 8.
Finally, it remains to be seen whether the Darboux-type transformation from section 2 and the results
from section 6 could indeed yield new solutions for the oriented and “usual” associativity equations.
We intend to address some of the above issues in our future work.
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